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Abstract
Nullnorms with a zero element being at any point of a bounded lattice are an important generalization
of triangular norms and triangular conorms. This paper obtains an equivalent characterization for the
existence of idempotent nullnorms with the zero element a on any bounded lattice containing two distinct
elements incomparable with a. Furthermore, some basic properties for the bounded lattice containing
two distinct element incomparable with a are presented.
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1. Introduction
Being the generalizations of triangular norms and triangular conorms, which were introduced by
Schweizer and Sklar [18], t-operators and nullnorms were introduced by Mas et al. [14] and Calvo et al.
[3], respectively. Then, Mas et al. [15] showed that both of them coincide with each other on [0, 1]. Simply
speaking, an nullnorm is a binary operation obtained from triangular norms and triangular conorms using
an ordinal sum structure with the zero element lying anywhere in [0, 1]. Because of its special structure,
nullnorms on [0, 1] are useful in both theory and applications ([1, 8, 9, 10, 13, 15, 16, 17]). Recently, it has
been generalized to bounded lattices by Karac¸al et al. [12], and extensively investigated. In particular,
Karac¸al et al. [12] proved the existence of nullnorms with the zero element a for arbitrary element
a ∈ L\{0, 1} with underlying t-norms and t-conorms on an arbitrary bounded lattice L. C¸aylı and
Karac¸al [7] showed that there exists a unique idempotent nullnorm on an arbitrary distributive bounded
lattice and proved that an idempotent nullnorm on a bounded lattice need not always exists. Ertugˇrul [11]
not only obtained two new methods to construct nullnorms on an arbitrary bounded lattice, but also
introduced and investigated an equivalent relation based on a class of nullnorms. Xie [21] extended
type-1 proper nullnorms and proper uninorms to fuzzy truth values and introduced the notions of type-2
nullnorms and uninorms. C¸aylı [6] discussed the characterization of idempotent nullnorms on bounded
lattices and researched some of their main properties. Moreover, it was presented some construction
approaches for nullnorms, in particular idempotent nullnorms, on bounded lattices with the indicated
zero element under some additional constraints. In [4], two new methods were introduced to obtain
idempotent nullnorms on bounded lattices with a zero element a under the additional assumption that
all elements incomparable with a are comparable with each other. In [5], four methods were proposed to
construct nullnorms on bounded lattices derived from triangular norms on [a, 1]2 and triangular conorms
on [0, a]
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, where some sufficient and necessary conditions on theirs zero element a are required. As a
consequence of these methods, some new types idempotent nullnorms on bounded lattices were obtained.
Sun and Liu [19] characterized a class of nullnorms on bounded lattices and represented them by triangular
norms and triangular conorms.
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C¸aylı and Karac¸al obtained a result (see [7, Theorem 3]) stating that there exists a unique idempotent
nullnorm on bounded lattice L with the zero element a provided that the bounded lattice L contains only
one element incomparable with a. This paper considers when does the idempotent nullnorm on bounded
lattice L with the zero element a exist, under the case that the bounded lattice L contains two distinct
element incomparable with a. By using this equivalent characterization, the bounded lattices which do
not admit any idempotent nullnorm on themselves with the zero element a are obtained. Meanwhile,
some basic properties for the bounded lattice containing two distinct element incomparable with a are
obtained.
2. Preliminaries
This section provides some basic concepts based on bounded lattices and some results related to them.
A lattice [2] is a partially ordered set (L,≤) satisfying that each two elements x, y ∈ L have a greatest
lower bound, called infimum and denoted as x ∧ y, as well as a smallest upper bound, called supremum
and denoted by x ∨ y. A lattice is called bounded if it has a top element and a bottom element, written
as 1 and 0, respectively. Let (L,≤, 0, 1) denote a bounded lattice with top element 1 and bottom element
0 throughout this paper. For x, y ∈ L, the symbol x < y means that x ≤ y and x 6= y. The elements x
and y in L are comparable if x ≤ y or y ≤ x, in this case, we use the notation x ∦ y. Otherwise, x and y
are called incomparable if x  y and y  x, in this case, we use the notation x‖y. The set of all elements
of L that are incomparable with a is denoted by Ia, i.e., Ia = {x ∈ L : x‖a}.
Definition 1. [2] Let (L,≤, 0, 1) be a bounded lattice and a, b ∈ L with a ≤ b. The subinterval [a, b] is
defined as
[a, b] = {x ∈ L : a ≤ x ≤ b}.
Other subintervals such as [a, b), (a, b], and (a, b) can be defined similarly. Obviously, ([a, b],≤) is a
bounded lattice with top element b and bottom element a.
Definition 2. [12] Let (L,≤, 0, 1) be a bounded lattice. A commutative, associative, non-decreasing in
each variable function V : L2 → L is called a nullnorm on L if there exists an element a ∈ L, which is
called a zero element for V , such that V (x, 0) = x for all x ≤ a and V (x, 1) = x for all x ≥ a.
Clearly, V (x, a) = a for all x ∈ L.
Definition 3. [4] Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\{0, 1}, and V be a nullnorm on L with the
zero element a. V is called an idempotent nullnorm on L if V (x, x) = x for all x ∈ L.
The following basic properties on the idempotent nullnorms are obtained by C¸aylı [6], showing that
an idempotent nullnorm on L with the zero element a is completely determined by its values on Ia × Ia.
Lemma 1. [6, Propositions 3, 6 and 7] Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\{0, 1}, and V be an
idempotent nullnorm on L with the zero element a. Then, the following statements hold:
(i) V (x, y) = x ∨ y for all (x, y) ∈ [0, a]2;
(ii) V (x, y) = x ∧ y for all (x, y) ∈ [a, 1]2;
(iii) V (x, y) = x ∨ (y ∧ a) for all (x, y) ∈ [0, a]× Ia;
(iv) V (x, y) = y ∨ (x ∧ a) for all (x, y) ∈ Ia × [0, a];
(v) V (x, y) = x ∧ (y ∨ a) for all (x, y) ∈ [a, 1]× Ia;
(vi) V (x, y) = y ∧ (x ∨ a) for all (x, y) ∈ Ia × [a, 1];
(vii) V (x, y) = a for all (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]);
(viii) V (x, y) = (x ∧ a) ∨ (y ∧ a) or V (x, y) = (x ∨ a) ∧ (y ∨ a) or V (x, y) ∈ Ia for all x, y ∈ Ia.
3. Characterization of idempotent nullnorms
This section studies idempotent nullnorms with the zero element a on a bounded lattice containing
two distinct elements incomparable with a and obtains an equivalent characterization for its existence.
Moreover, some basic properties for the bounded lattice containing two distinct element incomparable
with a are obtained.
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Lemma 2. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\{0, 1}, and V be an idempotent nullnorm on L
with the zero element a. For any x, y ∈ Ia, if (x ∧ a) ∨ (y ∧ a) < a and (x ∨ a) ∧ (y ∨ a) > a, then
V (x, y) ∈ Ia.
Proof. For any x, y ∈ Ia, consider the following two cases:
Case 1. V (x, y) = (x ∧ a) ∨ (y ∧ a) < a. Applying Lemma 1, it follows that V (1, V (x, y)) = a and
V (V (1, x), y) = V (x ∨ a, y) = (x ∨ a) ∧ (y ∨ a) > a, which contracts with the associativity of V ;
Case 2. V (x, y) = (x ∨ a) ∧ (y ∨ a) > a. Applying Lemma 1, it follows that V (0, V (x, y)) = a and
V (V (0, x), y) = V (x ∧ a, y) = (x ∧ a) ∨ (y ∧ a) < a, which contracts with the associativity of V .
This, together with Lemma 1–(viii), implies that V (x, y) ∈ Ia.
Theorem 1. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\{0, 1}, and Ia = {p, q} with p 6= q. Then,
there exists an idempotent nullnorm on L with the zero element a if, and only if, one of the following
statements holds:
(i) (p ∧ a) ∨ (q ∧ a) = a;
(ii) (p ∨ a) ∧ (q ∨ a) = a;
(iii) p ∨ a ≤ q ∨ a and q ∧ a ≤ p ∧ a;
(iv) p ∧ a ≤ q ∧ a and q ∨ a ≤ p ∨ a.
Proof. Necessity.
Let V be an idempotent nullnorm on L with the zero element a and suppose on the contrary that
none of statements (i)–(iv) holds. This implies that the following hold:
(i′) (p ∧ a) ∨ (q ∧ a) < a;
(ii′) (p ∨ a) ∧ (q ∨ a) > a;
(iii′) p ∨ a  q ∨ a or q ∧ a  p ∧ a;
(iv′) p ∧ a  q ∧ a or q ∨ a  p ∨ a.
Applying Lemma 2, (i′) and (ii′), it follows that V (p, q) = V (q, p) ∈ Ia. Noting that Ia = {p, q}, it suffices
to consider the following two cases:
(1) If V (p, q) = V (q, p) = p, then
V (0, V (p, q)) = V (0, p) = p ∧ a, V (V (0, p), q) = V (p ∧ a, q) = (p ∧ a) ∨ (q ∧ a),
and
V (1, V (p, q)) = V (1, p) = p ∨ a, V (V (1, p), q) = V (p ∨ a, q) = (p ∨ a) ∧ (q ∨ a).
This, together with the associativity of V , implies that
p ∧ a = (p ∧ a) ∨ (q ∧ a),
and
p ∨ a = (p ∨ a) ∧ (q ∨ a),
and thus q ∧ a ≤ p ∧ a and p ∨ a ≤ q ∨ a. This contracts with (iii′).
(2) If V (p, q) = V (q, p) = q, similarly to the above proof, it can be verified that p ∧ a ≤ q ∧ a and
q ∨ a ≤ p ∨ a, which contracts with (iv′).
Sufficiency.
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(i) (p∧ a)∨ (q ∧ a) = a. From [6, Theorem 4], it follows that the binary operation V1 : L
2 → L defined
by
V1(x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
x, x, y ∈ Ia and x = y,
(x ∨ a) ∧ (y ∨ a), (x, y) ∈ {(p, q), (q, p)},
is an idempotent nullnorm on L with the zero element a.
(ii) (p∨ a)∧ (q ∨ a) = a. From [6, Theorem 5], it follows that the binary operation V2 : L
2 → L defined
by
V2(x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
x, x, y ∈ Ia and x = y,
(x ∧ a) ∨ (y ∧ a), (x, y) ∈ {(p, q), (q, p)},
is an idempotent nullnorm on L with the zero element a.
(iii) p ∨ a ≤ q ∨ a and q ∧ a ≤ p ∧ a. We claim that the binary operation V3 : L
2 → L defined by
V3(x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
x, x, y ∈ Ia and x = y,
p, (x, y) ∈ {(p, q), (q, p)},
(3.1)
is an idempotent nullnorm on L with the zero element a.
First, it can be verified that V3 is a commutative binary operation with the zero element a. It
remains to check the monotonicity and associativity of V3.
iii-1) Monotonicity. For any x, y ∈ L with x ≤ y, it holds that V3(x, z) ≤ V3(y, z) for all z ∈ L.
Consider the following cases:
1. x ∈ [0, a). It is easy to see that
V3(x, z) =


x ∨ z, z ∈ [0, a),
a, z ∈ [a, 1],
x ∨ (z ∧ a), z ∈ Ia.
(3.2)
1.1. If y ∈ [0, a), applying (3.2), it is clear that V3(x, z) ≤ V3(y, z) holds for all z ∈ L.
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1.2. If y ∈ [a, 1], applying (3.1) and (3.2), it can be verified that
V3(y, z) =


a, z ∈ [0, a),
y ∧ z, z ∈ [a, 1],
y ∧ (z ∨ a), z ∈ Ia,
(3.3)
≥


x ∨ z, z ∈ [0, a),
a, z ∈ [a, 1],
a, z ∈ Ia,
≥ V3(x, z).
1.3. If y = p, it follows from x ≤ y = p, 0 ≤ x < a, and q∧a ≤ p∧a that p∧a ≥ x∧a = x,
x ∨ (p ∧ a) ≤ p ∨ (p ∧ a) ≤ p, and x ∨ (q ∧ a) ≤ p ∨ (q ∧ a) ≤ p ∨ (p ∧ a) = p. These,
together with (3.1) and (3.2), imply that
V3(y, z) = V3(p, z) =


z ∨ (p ∧ a), z ∈ [0, a),
z ∧ (p ∨ a), z ∈ [a, 1],
p, z = p,
p, z = q,
≥


z ∨ x, z ∈ [0, a),
a, z ∈ [a, 1],
x ∨ (p ∧ a), z = p,
x ∨ (q ∧ a), z = q,
= V3(x, z).
1.4. If y = q, it follows from x ≤ y = q, 0 ≤ x < a, and q∧a ≤ p∧a that q∧a ≥ x∧a = x,
x ∨ (p ∧ a) ≤ (q ∧ a) ∨ (p ∧ a) = p ∧ a ≤ p, and x ∨ (q ∧ a) ≤ q ∨ (q ∧ a) = q. These,
together with (3.1) and (3.2), imply that
V3(y, z) = V3(q, z) =


z ∨ (q ∧ a), z ∈ [0, a),
z ∧ (q ∨ a), z ∈ [a, 1],
q, z = q,
p, z = p,
≥


z ∨ x, z ∈ [0, a),
a, z ∈ [a, 1],
x ∨ (q ∧ a), z = q,
x ∨ (p ∧ a), z = p,
= V3(x, z).
2. x ∈ [a, 1]. From x ≤ y, it is clear that y ∈ [a, 1]. Applying (3.3), it can be verified that
V3(x, z) ≤ V3(y, z) holds for all z ∈ L.
3. x ∈ Ia. From x ≤ y, it follows that y ∈ [a, 1] ∪ Ia. Applying (3.1), it can be verified that
V3(x, z) =


z ∨ (x ∧ a), z ∈ [0, a),
z ∧ (x ∨ a), z ∈ [a, 1],
x, z = x,
p, z ∈ Ia\{x}.
(3.4)
3.1. If y ∈ Ia, consider the following cases:
3.1.1. x = y. It is clear that V3(x, z) ≤ V3(y, z) holds for all z ∈ L.
3.1.2. p = x < y = q. Applying (3.4) yields that
V3(x, z) = V3(p, z) =


z ∨ (p ∧ a), z ∈ [0, a),
z ∧ (p ∨ a), z ∈ [a, 1],
p, z = p,
p, z = q,
5
and
V3(y, z) = V3(q, z) =


z ∨ (q ∧ a), z ∈ [0, a),
z ∧ (q ∨ a), z ∈ [a, 1],
p, z = p,
q, z = q,
implying that V3(x, z) ≤ V3(y, z) holds for all z ∈ L.
3.1.3. q = x < y = p. Applying (3.4) yields that
V3(x, z) = V3(q, z) =


z ∨ (q ∧ a), z ∈ [0, a),
z ∧ (q ∨ a), z ∈ [a, 1],
p, z = p,
q, z = q.
and
V3(y, z) = V3(p, z) =


z ∨ (p ∧ a), z ∈ [0, a),
z ∧ (p ∨ a), z ∈ [a, 1],
p, z = p,
p, z = q,
implying that V3(x, z) ≤ V3(y, z) holds for all z ∈ L.
3.2. If y ∈ [a, 1], consider the following cases:
3.2.1. x = p. From p = x ≤ y and p ∨ a ≤ q ∨ a, it follows that y ∧ (p ∨ a) ≥ x ∧ (p ∨ a) =
p ∧ (p ∨ a) = p and y ∧ (q ∨ a) ≥ x ∧ (q ∨ a) ≥ x ∧ (p ∨ a) = p ∧ (p ∨ a) = p. These,
together with (3.4) and (3.3), imply that
V3(x, z) = V3(p, z) =


z ∨ (p ∧ a), z ∈ [0, a),
z ∧ (p ∨ a), z ∈ [a, 1],
p, z = p,
p, z = q,
≤


a, z ∈ [0, a),
z ∧ (y ∨ a), z ∈ [a, 1],
y ∧ (p ∨ a), z = p,
y ∧ (q ∨ a), z = q,
= V3(y, z).
3.2.2. x = q. From q = x ≤ y, a ≤ y ≤ 1, and p ∨ a ≤ q ∨ a, it follows that y ∧ (p ∨ a) =
(y ∨ a) ∧ (p ∨ a) ≥ (q ∨ a) ∧ (p ∨ a) = p ∨ a ≥ p and y ∧ (q ∨ a) ≥ q ∧ (q ∨ a) = q.
These, together with (3.4) and (3.3), imply that
V3(x, z) = V3(q, z) =


z ∨ (q ∧ a), z ∈ [0, a),
z ∧ (q ∨ a), z ∈ [a, 1],
q, z = q,
p, z = p,
≤


a, z ∈ [0, a),
z ∧ (y ∨ a), z ∈ [a, 1],
y ∧ (q ∨ a), z = q,
y ∧ (p ∨ a), z = p,
= V3(y, z).
iii-2) Associativity. For any x, y, z ∈ L, it holds that V3(x, V3(y, z)) = V3(V3(x, y), z). Consider the
following cases:
1. x ∈ [0, a].
1.1. y ∈ [0, a].
1.1.1. If z ∈ [0, a], this holds trivially.
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1.1.2. If z ∈ [a, 1], then V3(x, V3(y, z)) = V3(x, a) = a = V3(x ∨ y, z) = V3(V3(x, y), z).
1.1.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y∨(z∧a)) = x∨(y∨(z∧a)) = (x∨y)∨(z∧a) =
V3(x, y) ∨ (z ∧ a) = V3(V3(x, y), z).
1.2. y ∈ [a, 1].
1.2.1. If z ∈ [0, a], then V3(x, V3(y, z)) = V3(x, a) = a = V3(a, z) = V3(V3(x, y), z).
1.2.2. If z ∈ [a, 1], then V3(x, V3(y, z)) = V3(x, y ∧ z) = a = V3(a, z) = V3(V3(x, y), z).
1.2.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y ∧ (z ∨ a)) = a = V3(a, z) = V3(V3(x, y), z).
1.3. y ∈ Ia.
1.3.1. If z ∈ [0, a], then V3(x, V3(y, z)) = V3(x, (y∧a)∨ z) = x∨ (y∧a)∨ z = V3(x, y)∨ z =
V3(V3(x, y), z).
1.3.2. If z ∈ [a, 1], then V3(x, V3(y, z)) = V3(x, (y ∨ a) ∧ z) = a = V3(x ∨ (y ∧ a), z) =
V3(V3(x, y), z).
1.3.3. If z ∈ Ia, consider the following cases:
1.3.3.1. y = z. It can be verified that
V3(x, V3(y, z)) = V3(x, y) = x ∨ (y ∧ a),
and
V3(V3(x, y), z) = V3(x ∨ (y ∧ a), y) = x ∨ (y ∧ a) ∨ (y ∧ a) = x ∨ (y ∧ a),
implying that V3(x, V3(y, z)) = V3(V3(x, y), z).
1.3.3.2. y 6= z. Applying q ∧ a ≤ p ∧ a, it can be verified that
V3(x, V3(y, z)) = V3(x, p) = x ∨ (p ∧ a),
and
V3(V3(x, y), z) = V3(x ∨ (y ∧ a), z) = x ∨ (y ∧ a) ∨ (z ∧ a) = x ∨ (p ∧ a),
implying that V3(x, V3(y, z)) = V3(V3(x, y), z).
2. x ∈ [a, 1].
2.1. y ∈ [0, a].
2.1.1. If z ∈ [0, a], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.1.2)
= V3(V3(x, y), z) (commutativity of V3).
2.1.2. If z ∈ [a, 1], then V3(x, V3(y, z)) = V3(x, a) = a = V3(a, z) = V3(V3(x, y), z).
2.1.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y ∨ (z ∧ a)) = a = V3(a, z) = V3(V3(x, y), z).
2.2. y ∈ [a, 1].
2.2.1. If z ∈ [0, a), then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.2.2)
= V3(V3(x, y), z) (commutativity of V3).
2.2.2. If z ∈ [a, 1], this holds trivially.
2.2.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y∧(z∨a)) = x∧y∧(z∨a) = V3(x, y)∧(z∨a) =
V3(V3(x, y), z).
2.3. y ∈ Ia.
2.3.1. If z ∈ [0, a], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.3.2)
= V3(V3(x, y), z) (commutativity of V3).
2.3.2. If z ∈ [a, 1], then V3(x, V3(y, z)) = V3(x, (y∨a)∧ z) = x∧ (y∨a)∧ z = V3(x, y)∧ z =
V3(V3(x, y), z).
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2.3.3. If z ∈ Ia, consider the following cases:
2.3.3.1. y = z. It can be verified that
V3(x, V3(y, z)) = V3(x, y) = x ∧ (y ∨ a),
and
V3(V3(x, y), z) = V3(x ∧ (y ∨ a), y) = x ∧ (y ∨ a) ∧ (y ∨ a) = x ∧ (y ∨ a),
implying that V3(x, V3(y, z)) = V3(V3(x, y), z).
2.3.3.2. y 6= z. Applying p ∨ a ≤ q ∨ a, it can be verified that
V3(x, V3(y, z)) = V3(x, p) = x ∧ (p ∨ a),
and
V3(V3(x, y), z) = V3(x ∧ (y ∨ a), z) = x ∧ (y ∨ a) ∧ (z ∨ a) = x ∧ (p ∨ a),
implying that V3(x, V3(y, z)) = V3(V3(x, y), z).
3. x ∈ Ia.
3.1. y ∈ [0, a].
3.1.1. If z ∈ [0, a], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.1.3)
= V3(V3(x, y), z) (commutativity of V3).
3.1.2. If z ∈ [a, 1], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 2.1.3)
= V3(V3(x, y), z) (commutativity of V3).
3.1.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y ∨ (z ∧ a)) = (x∧ a)∨ y ∨ (z ∧ a) = V3(x, y)∨
(z ∧ a) = V3(V3(x, y), z).
3.2. y ∈ [a, 1].
3.2.1. If z ∈ [0, a], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.2.3)
= V3(V3(x, y), z) (commutativity of V3).
3.2.2. If z ∈ [a, 1], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 2.2.3)
= V3(V3(x, y), z) (commutativity of V3).
3.2.3. If z ∈ Ia, then V3(x, V3(y, z)) = V3(x, y ∧ (z ∨ a)) = (x∨ a)∧ y ∧ (z ∨ a) = V3(x, y)∧
(z ∨ a) = V3(V3(x, y), z).
3.3. y ∈ Ia.
3.3.1. If z ∈ [0, a], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 1.3.3)
= V3(V3(x, y), z) (commutativity of V3).
3.3.2. If z ∈ [a, 1], then
V3(x, V3(y, z)) = V3(V3(z, y), x) (commutativity of V3)
= V3(z, V3(y, x)) (by 2.3.3)
= V3(V3(x, y), z) (commutativity of V3).
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3.3.3. If z ∈ Ia, it is not difficult to check that
V3(x, V3(y, z)) =
{
q, x = y = z = q,
p, otherwise,
and
V3(V3(x, y), z) =
{
q, x = y = z = q,
p, otherwise.
(iv) p ∧ a ≤ q ∧ a and q ∨ a ≤ p ∨ a. Similarly to the proof of (iii), it can be verified that the binary
operation V4 : L
2 → L defined by
V4(x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
x, x, y ∈ Ia and x = y,
q, (x, y) ∈ {(p, q), (q, p)},
(3.5)
is an idempotent nullnorm on L with the zero element a.
Corollary 1. If a bounded lattice L contains a sublattice which is isomorphic to a sublattice characterized
by Hasse diagram in Fig. 1, then there is no idempotent nullnorm on L with the zero element a.
澳
1 
a   q   p   
0 
1 
a   p   q   
0 
1 
a   p   q   
0 
1 
a   q   p   
0 
1 
a   q   p   
0 
1 
a   
q   p   
0 
Figure 1: The lattices in Corollary 1
Proof. It follows directly from Theorem 1.
Corollary 2. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\{0, 1}, and Ia = {p, q} such that p 6= q and
p ∦ q. Then, we have p ∧ a = q ∧ a or p ∨ a = q ∨ a.
Proof. Without loss of generality, assume that p ≤ q. This implies that (p ∧ a) ∨ (q ∧ a) = q ∧ a < a and
(p ∨ a) ∧ (q ∨ a) = p ∨ a > a. From [4, Theorem 3], it follows that there exists an idempotent nullnorm
on L with the zero element a. These, together with Theorem 1, imply that
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(a) p ∨ a ≤ q ∨ a and q ∧ a ≤ p ∧ a; or
(b) p ∧ a ≤ q ∧ a and q ∨ a ≤ p ∨ a.
If p∧ a = q ∧ a, the theorem is completed. Otherwise, if p∧ a < q ∧ a, then (b) is satisfied, implying that
q ∨ a ≤ p ∨ a. This, together with p ≤ q, implies that p ∨ a = q ∨ a.
Corollary 3. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1} and Ia = {p, q} such that p 6= q and
p ∦ q. Then, the binary operation V5 : L× L→ L defined by
V5 (x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
p ∨ q, (x, y) ∈ {(p, q), (q, p), (p, p), (q, q)}
(3.6)
is an idempotent nullnorm on L with the zero element a if and only if p ∨ a = q ∨ a.
Proof. Necessity. Let the function V5 : L×L→ L defined by the formula (3.6) be an idempotent nullnorm
on L with the zero element a. Without loss of generality, suppose that p ≤ q. In this case, we have
V5 (1, V5 (p, q)) = V5 (1, p ∨ q) = V5 (1, q) = q ∨ a and V5 (V5 (1, p) , q) = V5 (p ∨ a, q) = (p ∨ a) ∧ (q ∨ a) =
p ∨ a. This, together with the associativity of V5, implies that p ∨ a = q ∨ a.
Sufficiency. Let p ∨ a = q ∨ a. Without loss of generality, suppose that p ≤ q. In this case, we
have (p ∨ q) ∧ (p ∨ a) ∧ (q ∨ a) = q ∧ (q ∨ a) = q. This, together with p ∨ q = q, implies that p ∨ q =
(p ∨ q) ∧ (p ∨ a) ∧ (q ∨ a). From [4, Theorem 3], it follows that the function V5 : L × L → L defined by
the formula (3.6) is an idempotent nullnorm on L with the zero element a.
Considering a bounded lattice L, a ∈ L\{0, 1} and Ia = {p, q} such that p 6= q, p ∦ q and p∨a = q∨a,
it should be pointed out that if p ≤ q (resp. q ≤ p), then the nullnorm V5 on L given by the formula
(3.6) coincides with the nullnorm V4 (resp. V3) on L given by the formula (3.5) (resp. (3.1)).
The following Corollary 4 can be proved in a manner similar to the proof of Corollary 3.
Corollary 4. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1} and Ia = {p, q} such that p 6= q and
p ∦ q. Then, the binary operation V6 : L× L→ L defined by
V6 (x, y) =


x ∨ y, (x, y) ∈ [0, a]2,
x ∧ y, (x, y) ∈ [a, 1]2,
a, (x, y) ∈ ([0, a]× [a, 1]) ∪ ([a, 1]× [0, a]) ,
x ∨ (y ∧ a), (x, y) ∈ [0, a]× Ia,
y ∨ (x ∧ a), (x, y) ∈ Ia × [0, a],
x ∧ (y ∨ a), (x, y) ∈ [a, 1]× Ia,
y ∧ (x ∨ a), (x, y) ∈ Ia × [a, 1],
p ∧ q, (x, y) ∈ {(p, q), (q, p), (p, p), (q, q)}
(3.7)
is an idempotent nullnorm on L with the zero element a if and only if p ∧ a = q ∧ a.
Considering a bounded lattice L, a ∈ L\ {0, 1}, and Ia = {p, q} such that p 6= q, p ∦ q and p∧a = q∧a,
it should be pointed out that if p ≤ q (resp., q ≤ p), then the nullnorm V6 on L given by the formula
(3.7) coincides with the nullnorm V3 (resp., V4) on L given by the formula (3.1) (resp., (3.5)).
Remark 1. (1) Considering the commutativity of V3 in the proof of Theorem 1, the cases 2.1.1, 2.2.1,
2.3.1, 3.1.1, 3.1.2, 3.2.1, 3.2.2, 3.3.1, and 3.3.2 can be verified directly. We include them here for
completeness.
(2) It should be noted that the last lattice in Fig. 1 is isomorphic to the one depicted by Hasse diagram
in [7, Theorem 2].
Proposition 1. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1}, and Ia = {p, q} with p 6= q. Then,
(p ∨ a < q ∨ a and q ∧ a ≤ p ∧ a) or (p ∨ a ≤ q ∨ a and q ∧ a < p ∧ a) if and only if there is only one
idempotent nullnorm on L with the zero element a, which is given by the formula (3.1).
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Proof. Necessity. Let p∨a < q∨a and q∧a ≤ p∧a. Then, for an idempotent nullnorm V on L, it follows
from Lemma 2 that V (p, q) ∈ {p, q}. Suppose that V (p, q) = q. By the monotonicity of V , for q < 1, it
holds q = V (p, q) ≤ V (p, 1) = p ∨ a. This implies that q ∨ a ≤ p ∨ a, which is a contradiction, and thus
V (p, q) = p. Therefore, by using Lemma 1, it follows that there is only one idempotent nullnorm on L
with the zero element a, which is given by the formula (3.1). Otherwise, if p∨a ≤ q∨a and q∧a < p∧a,
it can be verified similarly.
Sufficiency. Let V be the only idempotent nullnorm on L given by the formula (3.1). In this case,
V (p, q) = p. Suppose, on the contrary, that (p ∨ a ≮ q ∨ a or q ∧ a  p ∧ a) and (p ∨ a  q ∨ a or
q ∧ a ≮ p ∧ a). From V (p, q) = p, it follows that V (0, V (p, q)) = V (0, p) = p ∧ a and V (V (0, p), q) =
V (p ∧ a, q) = (p ∧ a) ∨ (q ∧ a). This, together with the associativity of V , implies that q ∧ a ≤ p ∧ a.
Furthermore, V (1, V (p, q)) = V (1, p) = p ∨ a and V (V (1, p), q) = V (p ∨ a, q) = (p ∨ a) ∧ (q ∨ a). This,
together with the associativity of V , implies that p∨ a ≤ q ∨ a. From the supposition that (p∨ a ≮ q ∨ a
or q∧a  p∧a) and (p∨a  q∨a or q∧a ≮ p∧a), it can be verified that p∨a = q∨a and q∧a = p∧a.
This, together with the proof of Theorem 1, implies that the binary operation V4 : L × L → L defined
by the formula (3.5) is an idempotent nullnorm on L with the zero element a. This contradicts with the
fact that V is the only idempotent nullnorm on L.
The following Proposition 2 can be proved in a manner similar to the proof of Proposition 1.
Proposition 2. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1}, and Ia = {p, q} with p 6= q. Then,
(p ∧ a < q ∧ a and q ∨ a ≤ p ∨ a) or (p ∧ a ≤ q ∧ a and q ∨ a < p ∨ a) if and only if there is only one
idempotent nullnorm on L with the zero element a, which is given by the formula (3.5).
Proposition 3. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1} and Ia = {p, q} such that p 6= q,
p ∨ a ≤ q ∨ a and q ∧ a ≤ p ∧ a. In that case, the function V4 : L × L → L given by the formula (3.5) is
an idempotent nullnorm on L with the zero element a if and only if p ∨ a = q ∨ a and q ∧ a = p ∧ a.
Proof. Necessity. Suppose that the binary operation V4 : L × L → L given by the formula (3.5) is an
idempotent nullnorm on L with the zero element a. Then V4(p, q) = q. This implies that V4(1, V4(p, q)) =
V4(1, q) = q ∨ a and V4(V4(1, p), q) = V4(p ∨ a, q) = (p ∨ a) ∧ (q ∨ a) = p ∨ a, and thus p ∨ a = q ∨ a by
the associativity of V4. Similarly, by applying V4(0, V4(p, q)) = V4(V4(0, p), q), we have q ∧ a = p ∧ a.
Sufficiency. Let p∨ a = q ∨ a and q ∧ a = p∧ a. According to the proof of Theorem 1, it is clear that
the binary operation V4 : L×L→ L given by the formula (3.5) is an idempotent nullnorm on L with the
zero element a.
The following Proposition 4 can be proved in a manner similar to the proof of Proposition 3.
Proposition 4. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1} and Ia = {p, q} such that p 6= q,
p ∧ a ≤ q ∧ a and q ∨ a ≤ p ∨ a. In that case, the binary operation V3 : L× L → L given by the formula
(3.1) is an idempotent nullnorm on L with the zero element a if and only if p∨a = q∨a and q∧a = p∧a.
Corollary 5. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1} and Ia = {p, q} with p 6= q. In that
case, the binary operations both V3 : L × L → L and V4 : L × L → L given by the formulas (3.1) and
(3.5), respectively, are idempotent nullnorms on L with the zero element a if and only if p ∨ a = q ∨ a
and q ∧ a = p ∧ a.
From Lemma 1 and Corollary 5, we can easily observe that on a bounded lattice L with an element
a ∈ L\ {0, 1} satisfying that Ia = {p, q}, p 6= q, p ∨ a = q ∨ a and q ∧ a = p ∧ a, there exist only two
idempotent nullnorms V3 : L × L → L and V4 : L × L → L defined by the formulas (3.1) and (3.5),
respectively.
Proposition 5. Let (L,≤, 0, 1) be a bounded lattice, a ∈ L\ {0, 1}, and p, q ∈ Ia. If p ∦ q, p ∧ a = q ∧ a
and p ∨ a = q ∨ a, then (p ∧ a) ∨ (q ∧ a) ∨ (p ∧ q) = p ∧ q and (p ∨ a) ∧ (q ∨ a) ∧ (p ∨ q) = p ∨ q.
Proof. Without loss of generality, assume that p ≤ q as p ∦ q. This, together with p ∧ a = q ∧ a and
p ∨ a = q ∨ a, implies that
(p ∧ a) ∨ (q ∧ a) ∨ (p ∧ q) = (p ∧ a) ∨ p = p = p ∧ q,
and
(p ∨ a) ∧ (q ∨ a) ∧ (p ∨ q) = (q ∨ a) ∧ q = q = p ∨ q.
Remark 2. Proposition 5 shows that [20, Theorem 2] is a special case of [4, Theorems 3 and 4].
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4. Conclusion
Following the characterization of nullnorms on unit interval [0, 1], the characterization of nullnorms
related to algebraic structures on bounded lattices has recently attracted much attention. The concept
of nullnorms on bounded lattices was introduced by Karac¸al et al. [12]. In the meanwhile, they showed
the existence of nullnorms on bounded lattices with a zero element and constructed the greatest and
the smallest of them. After their demonstration, the constructions of nullnorms on bounded lattices
have become the focus of the study of many researchers. Nevertheless the constructions of nullnorms
on bounded lattices were firstly provided by Karac¸al et al. [12], these constructions do not generate an
idempotent nullnorm, in general. C¸aylı and Karac¸al [7] studied the idempotent nullnorms on bounded
lattices and proved that an idempotent nullnorm on a bounded lattice need not always exists. They
also introduced a construction method for idempotent nullnorms on bounded lattices, where there is
just one element incomparable with the zero element. Afterward, C¸aylı [6] proposed new construction
approaches for idempotent nullnorms on bounded lattices with some additional assumptions. Notice that
these methods encompass as a special case the one introduced in [7]. Then, she [4, 5] introduced some
related constructions of nullnorms on bounded lattices with the zero element a based on the existence
of triangular norms on [a, 1]
2
and triangular conorms [0, a]
2
. Sun and Liu [19] characterized a family of
nullnorms on bounded lattices and represented them by triangular norms and triangular conorms. In
this paper, we continued to study on idempotent nullnorms on bounded lattices with the zero element
different from the bottom and top elements from the mathematical point of view. We presented the
characterization of idempotent nullnorms on bounded lattices, where there are just two distinct elements
incomparable with the zero element a. We also obtained some basic properties for the bounded lattice
containing two distinct elements incomparable with some element a. We believe that the results presented
in this paper can help to understand the structure of the idempotent nullnorms on bounded lattices and
provide guidelines for a future work on their characterization.
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